BLANCHFIELD AND SEIFERT ALGEBRA IN 
HIGH-DIMENSIONAL KNOT THEORY 



ANDREW RANICKI 



Dedicated to S.P.Novikov 

Novikov jl2, initiated the study of the algebraic properties of quadratic forms 
over polynomial extensions by a far-reaching analogue of the Pontrjagin-Thom 
transversality construction of a Seifert surface of a knot and the infinite cyclic 
cover of the knot exterior. In this paper the analogy is applied to explain the re- 
lationship between the Seifert forms over a ring with involution A and Blanchfield 
forms over the Laurent polynomial extension A[z, z^^]. 

The rings A and A[z, z~^] correspond to the two ways of associating algebraic 
invariants to an ?i-knot fc : S"" C 5*"+^ with A = Z : 

(i) The Z[z, z^^]-module invariants of the canonical infinite cyclic cover AI = 
p*M. of the exterior of k 

M"+2 = cl.(5"+2\fc(S'") X D^) C S"+^ 

with fc(S'") X C 5*"+^ a regular neighbourhood of fc(S'") in 5*"+^, p : 
M a map inducing an isomorphism p* : H^{S^) = H^(M), and 

dM = 5" X 

(ii) The Z-module invariants of a codimension 1 submanifold A^"+i c 5*"+^ 
with boundary 

dN = k{S") C , 
i.e. a Seifert surface for k. 

The knot k has a unique exterior M , and many Seifert surfaces iV. For any p : 
M ^ which is transverse regular at 1 e 5^ the inverse image 

N = p'\l) C M 

is a Seifert surface for k. Conversely, any N can be used to construct M as an 
infinite union of fundamental domains {Mn; N, zN) 

oc 

M = y z^Mn ■ 

j=-oo 

Chapter n deals with the following concepts : 

(i) A Seifert module over A is a pair 

{P, e) = ( f.g. projective A-module , endomorphism ) . 

(ii) A Blanchfield module _B is a homological dimension 1 A[z, z^^]-module such 
that 1 — z : i? ^ i? is an automorphism. 
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(iii) The covering of a Seifert module (P, e) is the Blanchfield module 

B{P,e) coker(l - e + ze : P[z,z"i] ^ F[z,z~i]) . 

The covering construction B : (P, e) ^ B{P, e) is an algebraic version of the con- 
struction of the infinite cyclic cover M from [AIjs^; N, zN). Theorem 11.81 proves 
that every Blanchfield module B is isomorphic to the covering B{P, e) of a Seifert 
module (P, e). Moreover, morphisms of Blanchfield modules are characterized in 
terms of morphisms of Seifert modules. 

Chapter 13 characterizes the Seifert modules (P, e) such that B{P,e) = 0, and 
also the morphisms of Seifert modules with covering an isomorphism of Blanchfield 
modules. 

Chapter 131 deals with the following concepts, where ij — ±1, and A is a ring with 
involution : 

(i) An rj- symmetric Seifert form (P, 9) is a f.g. projective A-module P together 
with an A-module morphism 

e ■ P^P* ^ Hom^(P,yl) 

such that 6 + rjO* : P ^ P* is an isomorphism. 

(ii) An rj-symmetric Blanchfield form {B,(p) is a Blanchfield j4[z, z^^]-module 
B together with an isomorphism 

: P^iT = Exti[,_,_,](P,yl[z,z-i]) 

such that r](jr = 0. 

(iii) The covering of a (— ?7)-symmetric Seifert form (P, 9) is the ?7-symmetric 
Blanchfield form 

BiP,9) - (P(P,e),0) 

with €={9- ri9*)-^9 : P ^ P and </) = (1 - z-i)C(P,e)S(6' - r^9*) (seeET) 
for details). 

Theorem 13.101 gives an algorithmic proof that every 77-symmetric Blanchfield form 
(B,(j>) over A[z,z~^] is isomorphic to the covering B{P,9) of a (— 77)-symmetric 
Seifert form (P, 9) over A. 

Chapter 2] deals with algebraic L-theory. Theorem 14 . 21 identifies the Witt group 
of /^-symmetric Blanchfield forms over A[z,z~^] with the Witt group of (—??)- 
symmetric Seifert forms over A. Theorem l4 . 51 identifies this group with a quotient of 
the Witt group of 77-symmetric forms over the universal localization Il~^A[z,z~^,{l — 
z)~^] of A[z, z~^] inverting 1—z and the set 11 of A-invertible matrices over A[z, z^^]. 
For A — Z, rj = ( — 1)*+^, i ^ 2 this is an expression of the {2i — l)-dimensional 
knot cobordism group as 

C2^-l = coker(P2,+2(Z[z, z-\ (1 - z)-']) ^ L2.+2(P-'Z[z, z-\ (1 - z)-'])) 

with P = {p{z)\p{l) = 1} C Z[z,z^^] the Alexander polynomials. 

I am grateful to the Mathematics Department of the University of California, 
San Diego, which I was visiting January-March 2001 when work on this paper was 
started. I am also grateful to Peter Teichner and Des Sheiham for various conver- 
sations and e-mails. In particular, Des simplified the formulation of Proposition 3.9 
(in). 
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1. BLANCHFIELD AND SeIFERT MODULES 

Let A be a ring, with Laurent polynomial extension A[z, z~^]. 
Definition 1.1. A f.g. projective A[z, z^^]-niodule is induced if it is of the form 

P[z,z-i] = A[z,z-'^](^aP 
for a f.g. projective j4-module P. □ 

We shall make frequent use of the identity 

tlomA[,,,-i]{P[z,z-'],Q[z,z-']) = liomA{P,Q)[z,z-^] 
with P, Q f.g. projective A-modules. 

Definition 1.2. (i) A Blanchfield A[z, z~^]-module B is an ^[z, 2;~^]-module such 
that 

(a) 1 — z : i? — > i? is an automorphism, 

(b) there exists an induced f.g. projective ^[.z, ^r~^]-module resolution 

Q^Px[z,z-^] Po[z,z-^]^ B ^0 . 

(ii) The Blanchfield category M{A[z, z~^]) has objects Blanchfield A[z, ^;~'^]-modules 
and A[z, z~^]-module morphisms. □ 

Write the augmentation as 

e : A[z,z~^] ^ A ; z^ \ . 

Proposition 1.3. Let G he a 1-dimensional induced f.g. projective A[z,z~^]- 
module chain complex with 

k 

d = ^rf,-z^' : Ci = Pi[z,z-^]^Co = Po[z,z-^] . 

j=o 

The homology A[z, z^^\-module 

B = Ho{C) = coker((i) 
is a Blanchfield module if and only if the A-module morphism 

k 

e{d) =^dj : Pi^Po 

^5 an isomorphism. 

Proof. If S is a Blanchfield module the inverse isomorphism (1 — >Bis 
resolved by an A[z, 2;~^]-module chain map f : C ^ C 

^ Ci Co ^ B ^ 



fo 



^ Ci Co > B ^ 

so that f : C ^ C is chain homotopy inverse to 1 — 2; : C — > C. A chain homotopy 

g : f{l-z) ^ 1 : C^C 
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is defined by an A[z, z ^]-module morphism 

s 

j=r 

such that 

l-/o(l-z) = dg : Co = Po[z,z-i]^Co = Po[z,z-^], 
l-/i(l-z) = gd : Ci = Pi[z,z-i]^Ci = Pi[z,z-^], 

and 

s 

e(5) ^ T.9J ■■ Po^Pi 

k 

is an A-module isomorphism inverse to e{d) = dj : Pi ^ Pq. 

j=o 

Conversely, suppose that e(d) : Pi — > Po is an isomorphism, with inverse 

e(d)-i ^ h : Po^Pi, 

so that 

k 

1-dh = J2i^~z^)djh : Co = Po[z,z-^]^Co = Po[z,z-^, 
j=o 

k 

l-hd = J2i^-z')hdj : Ci = Pi[z,z-i]^Ci = Pi[z,z-i] . 
j=o 

The A[z, z^^]-modulc morphisms 

fo = [1 - dh){l - z)-^ : Co - Po[z,z-i]^Co - Po[z,z-^], 

h = {I - hd){l - z)'^ : Ci = Pi[z,z-i] ->Ci = Pi[z,z-i]. 

are the components of a chain equivalence f : C C chain homotopy inverse to 
1 — z : C — » C, with a chain homotopy 

/i : /(I - z) ~ 1 : C C . 

It remains to verify that d : Ci — > Cq is injective. If x G ker(d : Ci Co) then 

X = {l-hd){x) = (1 - z)/i(x) G Ci 

with fi{x) e ker((i : Ci — > Co) by the injectivity of 1 — z : Co ^ Cq. It follows that 
for any integer j ^ 1 

X = {i-zy{hy{x)(,Ci , 

and 

oo 

f|(l-z)^(Ci) = {0}cCi . 

□ 

Proposition II .31 is the special case rt = of : 

Proposition 1.4. The following conditions on an (ji + 1)- dimensional induced J. g. 
projective A[z, z^^]-module chain complex C are equivalent : 

(i) there exists a homology equivalence C ^ B to an n-dimensional chain 

complex in the Blanchfield category M{A[z,z^^\), 
ill) H,{A®A[^.,-^ C) = 0. 
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Proof. As for Proposition 3.1.2 of Ranicki □ 

Example 1.5. Let M be a finite CW complex with a homology equivalence p : 
M ^ S^, such as a knot complement. Let M = p*M. be the puUback infinite cyclic 
cover of M, and let C = C{p : M M)*+i be the relative cellular Z[2;, z~^]-module 
chain complex of the induced Z-equivariant cellular map p : M —>■ M, with iJ* (C) = 
H*{M) the reduced homology of M. Then _ff*(Z ®z[z.z-^] C) = = 0, and 

C is homology equivalent to a finite chain complex in the Blanchfield category 
B(Z[z,z-i]). □ 

Definition 1.6. (i) A Seifert A-module {P, e) is a f.g. projective A-module P 
together with an endomorphism e : P P. 

(ii) A morphism of Seifert A- modules g : (P, e) — > (P', e') is an A-module morphism 
such that 

e'g ^ ge : P ^ P' 

(iii) The Seifert category S{A) has objects Seifert A-modules and morphisms as in 
(ii). □ 

Seifert modules determine Blanchfield modules by : 

Definition 1.7. (i) The covering of a Seifert A-module (P, e) is the Blanchfield 

A[z, z^-'^J-module 

P(P,e) = coker(l -e + ze : P[z,z"^] -> P[z,z"i]) 
with the resolution 

C(P,e) : Ci = P[z,z-'] Co - P[z,z~'] . 

(ii) The covering of a Seifert A-module morphism g : (P, e) (P', e') is the Blanch- 
field A[z, z^^]-module morphism 

B{g) : P(P,e)->P(P',e') ; x ^ g{x) 

resolved by the chain map 

C{P, e) : P[z, z-i] . P[z, z-'] 

C(g) a 

C(P',e'): P'[z,z-i]^^^^i^P'[z,z-i] . 

□ 

Theorem 1.8. The covering construction defines a functor of additive categories 
B : S(A) ^ B(A[z,z~i]) ; {P,e)^B{P,e) 

such that 

(i) Every Blanchfield A[z, z~^]-module B is isomorphic to the covering B{P, e) 
of a Seifert A-module (P, e). 

(ii) The coverings o/e, 1 — e : (P, e) ^ {P,e) are automorphisms 

B{e) = (l-z)-\ P(l-e) = [l-z-^^ : P(P, e) P(P, e) , 
with inverses 

P(e)"^ = l-z,B{l-e)-^ = 1-z-^ : B{P, e) ^ B{P, e) . 
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(iii) Every morphism of Blanchfield A[z,z ^]-modules f : B{P,e) — > B(P\e') 
is of the type 

f = B{g)t-^ 

for some morphism of Seifert A-modules g : (P, e) — > {P',e') and k ^ 0, 
with t the automorphism 

t = i?(e(l-e)) = : B{P,e) ^ B{P,e) . 

(iv) Two morphisms 51,(72 ■ (-Pj e) ^ {P\^') ^.^^ such that 

B{g,)t-''' = B{g2)t-''- : B{P,e) ^ B{P\e') 
for some fci , fc2 ^0 if and only if 

(gi(e(l-e))^--g2(e(l-e))^-)(e(l-e))^ ^ Q : P ^ P' 
for some £ ^ 0. 

Proof, (i) By Proposition II. 31 it may be assumed that B — Ho{C) with 
fc 

d = : Ci = Pi[z,z-^]^Co = Po[z,z-^] 

3=0 

for f.g. projective A-modules Pq^Pi, such that the augmentation A- module mor- 
phism 

k 

e{d) = : Pi^Po 

i=o 

is an A-module isomorphism. 

Let s be another indeterminate over A, and use the isomorphism of rings 

A[s, s-\ (1 - s)-^] ^ A[z, z-\ (1 - z)-'] ; s^{l- z)-' 

to identify 

A[s,s-\{l~s)-^] = A[z,z-\{l-z)-^] , 

with 

s = (1 - z)-^ , z ^ s-^{s - 1) . 
The A[z, z~^, (1 — z)^^]-module morphism induced by c? ; Ci — > Cq 

k 

d = ^djZ^ : Pi[z,z-^,{1~ z)-^]^ Pa[z,z-^,{1- z)-^] 
3=0 

is expressed in terms of s as 

fc 

d = Y.'^s-\s~l)yd, : Pi[s,s-\(1 ^Po[.s,s-\(l-.s)-V 

3=0 

The A[s]-module morphism 

fc 

A = Y^dM^r's'^^'is-iy : FoW^PoW 
3=0 

induces the A[s, s~^, (1 — s)^^]-module morphism 

A = s'^deid)-' : Po[s,s-\il-s)-']^Po[s,s-\il-s)-'] . 
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Now A is a degree k polynomial with coefficients Aj e Honi^(Po, ^'o) 

k 

A = ■■ Po[s]^Po[s] 

such that Afe = 1. The Seifert A- module 



(P, e) = (Po e Po e • • • e Po (A; terms), 



/O 

1 
1 



\0 

is such that there is defined an exact sequence of A[s]-modules 



-Ao \ 
-Ai 

-A2 



-Afc_i/ 



o^PoM 

with s acting on P by e and 



Po[s] -.P-.0 



Po[s]^P : '^s^Xj {xo,Xi,...,Xk-i) . 

3=0 

The covering of (P, e) is the induced A[s, s^^, (1 — s)^^]-module 

P(P,e) = A[s,s-\{l-s)-^]®A[s]P 
and the isomorphism of exact sequences of A[s, s^^, (1 — s)^^]-modules 

^ Pi[s, s-\ (1 - Po[s, s-\ (1 - ^ B - 

e{d) 



B{P, e) ^ 



^ Po[s, s-\ (1 - Po[s, s-\ (1 - - 

includes an isomorphism 

B = B{P,e) . 
(ii) The A[z, 2;~^]-module chain maps 

C{e) ,l-z: C{P,e)^C{P,e) 
are inverse chain homotopy equivalences, with 

(l-z)C(e) = C{e){l-z) : C {P, e) C {P, e) 
and a chain homotopy 

1 : (1 - z)C{e) ~ id : C(P, e) ^ C(P, e) . 
Likewise, the A[z, z~^]-module chain maps 

C(l-e), : C(P, e) ^ C(P, e) 

are inverse chain homotopy equivalences, with 

-z-\l - z)C{l - e) = C{l-e){-z-\l-z)) : C{P,e) ^ C{P,e) 
and a chain homotopy 

z-'^ : -z-\l-z)C{l-e) ~ id : C{P,e) ^ C{P,e) . 



-^0 
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(iii) With s = {1 — z) as in (i) define 

i = s(l-s) = , 

and identify 

A[s,s-\{l-s)-'] = A[s,t-'] = A[z,z-\{l-z)-^], 

Suppose given Seifert A- modules (-P, e), {P',e') and a morpliism of Blanchfield 
A[z, 2;~^]-modules / : B{P, e) B{P' , e'). Resolve / by an A[s, f~^]-module chain 
map 

Ci = P[,s, fr^] ^^^^ Co = P[s, r 1] 

/i fo 

C[ = P'[s,t-']^^ 



with 



/o = t-'^Es^Mj ■■ P[s,t-^] ^ P'[s,t-'] 

3=0 



/i = t-'^E^ViJ : P[s,t-'] ^ P'[s,t-'] 

3=0 

for some ^-module morphisms fo,j,fi,j : P ^ P' ■ The morphism of Seifert A- 
modules 

g : (P,e)^(P',e') 

with 

k 

9 = E(e')Vo,, : P-P' 

3=0 

is such that 

/ = B{g)t-'' : B{P,e)^B{P',e') 

with 

t = B{e{l-e)) : B{P,e) ^ B{P,e) . 

(Example: -z = (1 - e)2t-i : P(P, e) ^ P(P, e).) 

(iv) It suffices to show that a morphism of Seifert A-modules g : (P, e) {P',e') 
is such that 

B{g) = : B{P,e)^B{P',e') 
if and only if for some k ^ 

gieil-eyf = : P^P . 
Now B[g) = if and only if there exists an A[z, z^^]-module chain homotopy 
/i : c, ~ : C(P, e) ^ C(P', e') 

with 



C{P, e) : P[z, z-ii - or. .-n 




^P[z,z-i] 



Thus 



C{P',e') : P'[z,z-i]^-^^±^P'[2,z-i] . 



h{l-e + ze) = g : P[z, z''^] ^ P'[z, z''^] 
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and writing 



we have 



h = ^ z^hj : P[z,z-^]-> P'[z,z-^] 

j=-a 

/ij_ie + — e) — ' 



[0 ifj^O 
For any fc ^ 1 

g{e{l-e))'' = /i_ie'=+i(l - e)'= + /ioe'=(l - e)'=+^ 

= -/i_2e'=+2(l - e)'=-i - /iie'=-i(l - e)'=+2 
= /i_3e'=+3(l-e)'=-2 + /i2e*^-2(l-e)'=+3 



= (-l)'=(/i_fc_ie2'=+i+/ifc(l-e)2'=+i) . 

Now h-k-i = for A; ^ a, and /ifc = for fc > 6 + 1, so that for fc = niax(a, 6+1) 
we have 

5(e(l - e))'= = : P ^ P' . 

□ 

Example 1.9. Let p : M — > 5^ be a map from a finite CW complex which is 
transverse regular at a point 1 G S*^ in the sense that A'' = p~^{l) C M is a 
subcomplex, and cutting M along TV gives a fundamental domain (Mjv; N, zN) for 
the puUback infinite cyclic cover of M 



M = p* 



U z^Mn 



with 2 : M — > M a generating covering translation. The map p can be cut also, to 
obtain a map 

PN : (Mjv;iV,z7V)^([0,l];{0},{l}) 

such that 

p = \p^] : M = Mn/{N = zN) ^S^ = [0, l]/(0 = 1) . 



M z-^M, 



Z^Mn 




The two inclusions 



z'N 



f : N ^ Mn , g : N = zN ^ Mn 
induce chain maps of finite f.g. free Z-module chain complexes 
f,g : C = C(Af ^ {0}),+i ^ £) = C{pn : Mn ^ 

such that 

C{f-zg:C[z,z-^]^D[z,z-^]) = C(p : M ^ . 
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In particular, if Ad is a knot complement then p : M ^ can be chosen to be 
a homology equivalence, and iV C M is a Seifert surface for the knot, as in the 
Introduction and Example 11.51 In this case 

H,{f-g) = H,+i{p:M^R) = 

and f — g : C ^ D is a chain equivalence. The Z-module chain map 

e = {f-gr'f ■■ C~^C 

defines a finite chain complex (C, e) in the Seifert module category §(Z) with cover- 
ing B{C, e) a finite chain complex in the Blanchfield module category B(Z[z, z~^]) 
such that 

B{C,e) ~ C(p : M -> M),+i . □ 

2. Seifert modules with zero Blanchfield module 

This Chapter is devoted to the kernel of the covering functor from Seifert modules 
to Blanchfield modules 

B : S(A) ^B(A[z,z-i]) ; (P, e) ^ B {P, e) . 

We study the Seifert modules (P, e) with B{P, e) = 0, and more generally the 
morphisms of Seifert modules g : {P,e) — > (P',e') with B{g) : B{P,e) — > B{P',e') 
an isomorphism. 

Definition 2.1. (i) A Seifert A-module (P, e) is nilpotentii 

e'' = : P-> P 

for some fc ^ 0. 

(ii) A Seifert A-module (P, e) is unipotent if (P, 1 — e) is nilpotent, that is 

(l-e)*^ = : P^P 

for some fc ^ 0. 

(iii) A Seifert A-module (P, e) is a projection if 

e(l-e) = : P ^P . 

(iv) A Seifert ^-module (P, e) is a near-projection if e(l — e) : P P is nilpotent, 
that is if for some /c ^ 

{e{l-e)f = : P^P . □ 

The near-projection terminology was introduced in Liick and Ranicki 10 . 

Proposition 2.2. (Bass, Heller and Swan ,1 ) 

(i) A linear morphism of induced f.g. projective A[z]-modules 

fo + zh : P[z]^Q[z] 
is an isomorphism if and only if fo + fi '■ P —f Q is an isomorphism and 

e = (/o + /i)"Vi : P^P 

is nilpotent. 

(ii) A linear morphism of induced f.g. projective A[z, z^^]-modules 

fo + zfi : P[z,z-']^Q[z,z-'] 
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is an isomorphism if and only if fo + fi : P ^ Q is an isomorphism and 

e = (/o + /i)"Vi ■■ P^P 
is a near-projection. □ 

Proposition 2.3. The following conditions on a Seifert A-module (P, e) are equiv- 
alent : 

(i) S(P,e) = 0. 

(ii) (P, e) is a near-projection. 

(iii) There is a direct sum decomposition 

(P,e) = (P+,e+)®(p-,e-) 
with (P+je"*") unipotent and (P^,e^) nilpotent. 

Proof, (i) (ii) Tliis is a special case of Proposition 12. 21 with 

/ = l-e + ze : P[z, z^^] ^ P[z, z^^] . 
(iii) (ii) Immediate from 

e(l - e) = e+(l - e+) © (1 - e") : P = P+ ® p- ^ P = P+ © P" . 

(ii) (iii) By the binomial theorem, for any fc ^ 1 and an indeterminate x over 

Z 

x'' + (l-a;)'' = 1 + a:;(l - x)7rfc(a;) e Z[a;] 

with 

j=i v / 

Thus for any A-module endomorphism e : P —> P 

e'^ + il-e)'' ^ l + e(l-e)7rfe(e) : P ^ P . 

If (P, e) is a near-projection with (e(l — e))*^ — then e(l — e)7rfc(e) : P ^ P is 
nilpotent, and e*^ + (1 — e)*^ : P — > P is an automorphism. The endomorphism 

p ^ (e'' -^{l-e)''y^e'' : P -> P 

is a projection, p^ = p, and the images 

P+ = im(p ■.P^P),P- = im(l - p : P ^ P) 

are such that 

(P,e) = (P+,e+)® (p-,e-) 

with 

(1 - 6+)''^ = : P+ -> P+ , (e")'' = : P" ^ P" . 

□ 

Proposition 2.4. Given a morphism g : (Pi,ei) — > (Po,eo) of Seifert A-modules 
let C be the 1-dimensional f.g. projective A-module chain complex 

dc ^ g : Ci ^ Pi^C'o ^ Po 
and let e : C C be the A-module chain map defined by 

Go ■ Co — Pq ^ Co ^ Pq , 

ei : Ci - Pi ^ Ci = Pi . 
The following conditions on g are equivalent : 
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(i) B{g) : B{Pi,ei) B{PQ,ea) is an isomorphism of Blanchfield A[z,z^^]- 
modules. 

(ii) There exists a morphism h : (Po^eo) — > (Pi,ei) of Seifert A-modules such 
that 

gh = (eo(l - eo))'= : Po ^ Po , 
kg = (ei(l-ei))'= : Pi ^ Pi 
for some fc ^ 0, defining a chain homotopy 

h : (e(l-e))'= ~ : C^C . 

(iii) There exist 1 - dimensional fg. projective A-module chain complexes C^, C~ 
with chain maps 



e 



+ 



such that 1 — e+ : C+ , e : C C are chain homotopy nilpotent, 

and with a chain equivalence 

i = (^^_^ : C^C+®C- 

such that 

e+i+ = i+e : C ^ C+ , e^r = r e : C ^ . 

Proof, (i) =^ (ii) By Theorem ll .81 fiiil there exist a morphism i : {Pq, cq) (Pi, ei) 
and j ^ such that 

B{g)-' = Bit)t-^ : B(Po, eg) ^ B(Pi, ei) . 

It foUows that 

B{gi) = B{g)B{i) = t'^ = B((eo(l - eo))^") : B(Po, eo) ^ B(Po, eo) , 
B{ig) = B{i)B{g) = t'^ = P((ei(l - ei)p") : P(Pi, ei) ^ P(Pi, ei) 
and by Theorem ll. 81 fiv^ there exist ^Oj^i ^0 such that 

(gz-(eo(l-eo)P)(eo(l-eo))'" = : (P, eo) ^ (P, gq) , 
(i5-(ei(l-ei)p")(ei(l-ei))^i = : (Pi, ei) ^ (Pi, ei) . 

Defining 

h = i(eo(l-eo))^«+^i : (Pq, eo) ^ (Pi, ei) , 
k = j + 4 + ^i 

we have 

gh = 5i(eo(l-eo))^°+^^ = (eo(l - eo))'= : (Po, eo) ^ (Pq, eo) , 
/ig = z<?(ei(l-ei))^»+^i = (ei(l-ei))'= : (Pi, ei) (Pi, ei) . 

(ii) => (i) The inverse of B{g) is given by 

B{g)-^ = B[h)t-'' : P(Po, eo) ^ P(Pi, ei) . 

(iii) =^ (i) It foUows from the chain homotopy nilpotence of 1 — e+ and that 
the A[z, z~^]-module chain maps 

\-e+ + ze+ : C+[z, z"!] ^ C+[z, z"!] , 

1 — + ze" 
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are chain equivalences. It now follows from the commutative diagram 

z-i] {C+ © C-)[z, z-i] 



1 — e+jse 



(l-e++ze+)e(l-e-+ze- 



C[z, (C+ © C-)[z, z-1] 

that the A[z, z~^]-module chain map 

1-e + ze : C[z, z~^] ^ C[z, z~^] 
is also a chain equivalence. Thus 

coker(B(.g) :B(Pi,ei)^B(Po,eo)) = Ho{l-e + ze) = 0, 
ker(B(5) :B(Pi,ei)^B(Po,eo)) = Hi(l-e + ze) = 

and B{g) : P(Pi,ei) ^ P(Po,eo) is an isomorphism, 
(ii) (iii) As in the proof of Proposition 12.31 write 

x'' + {l-xf = l + x{l-x)T:k{x) e1[x\ . 

The A-module chain map 

e'^ + il-ef : C^C 
is a chain equivalence, with the yl-module morphisms 

Uq = J2 (-eo(l - eo)7rfe(eo))-' : Pq ^ Po , 

ui = E(-ei(l-ei)7rfc(ei)p : Pi Pi 

defining a chain homotopy inverse u : C C , and the A-module morphism 

defining a chain homotopy 

V : u{e'' + {1 ~ e)'') ~ 1 : C^C . 
The ^-module chain map 

p ^ ue'' : C^C 
is a chain homotopy projection, with a chain homotopy 

V : uil-ef ~ 1-p : C^C , 
and the A-module morphism 

k 

q = {uifh + pv = ^(-ei(l - ei)7rfc(ei))^ui/i : Pq ^ Pi 

defining a chain homotopy 

9 : p(l -p) ~ : C ^ C . 

The v4-module morphisms 

P- = : Po©Pi^Po©Pi, 

q Pi 



p- = ( ^ ^° : Po©Pi^Po©Pi 
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are projections such that 

p+ +p- - 1 : Pn®Pi^Po®Pi . 

(This is a special case of the instant finiteness obstruction of Ranicki 15 and Liick 
and Ranicki jlUp. Define l-dimensional f.g. projective A- module chain complexes 
C+,C- by 

dc^ ^ p+\ : C+ = Pi^C+ = im(p+) , 
dc- = p^l : Cf = Pi ^ C(7 = im{p-) . 

The A-module chain maps 

e+ : C+ , e- : ^ , i+ : C ^ C+ , r : C ^ 

defined by 





= (eo 


®ei)| : 


C+ ^ im(p+) ^ C+ 


— im(p+) 


4 


= ei 


: Ct = 


Pi ^ C+ - Pi , 






= (eo 


©ei)| : 


Co" = im(p-) Cq 


= im(p") 




= ei 


: Cf = 


Pi ^ Cf = Pi , 






= P+l 


: Co - 


Po ^ Co+ = im(p+) 


? 


'i 


= Pi 


: Ci - 


Pi C+ = Pi , 




«o 


- p-\ 


: Co = 


Po ^ Cq" = im(p~) 


7 




= 1 - 


Pi : Ci 


= Pi ^ Cf - Pi 





are such that 1 — e+ : C+ — > C+, e : C ^ C are chain homotopy nilpotent, 
with 

I = {^^^ : C^C+®C- 

a chain equivalence such that 

e+i+ ^ i+e : C , eri' = i'e : C ^ . 

□ 

Remark 2.5. (a) Propositions 12 . 31 and 12 .41 arc the 0- and l-dimensional cases of a 
general result, namely that the following conditions on a self chain map e : C — > C 
of an n-dimensional f.g. projective A-module chain complex are equivalent: 

(i) The z~^]-module chain map 

1-e + ze : C[z, z"^] ^ C[z, z"^] 

is a chain equivalence. 

(ii) For some fc ^ there exists a chain homotopy 

h : (e(l-e))'= ~ : C^C 

such that eh = he, i.e. e : C ^ C is a chain homotopy near-projection. 

(iii) There exist n-dimensional f.g. projective A- module chain complexes C^, C~ 
with chain maps 

e+ : C+ ^ C+ , e" : C" C" 
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such that 1 — e+ : C+ C+, e : C C are chain homotopy nilpotent, 
and with a chain equivalence 

such that 

e+i+ = i+e : C , e'r = i'e : C^C' . 

(b) If (C, e) satisfies the equivalent conditions in (a) then there there are defined 
A-niodule chain equivalences 

C(l-e + ze:C[z\-^C[z\) ~ C{1 - e+ + ze+ : C+[z\ C+[z\) ~ C+ , 
C{z-\l-e)+e:C[z-^]^C[z-^]) ~ 

C(0-i(l-e-) + e-:C-[0-i]^C-[0-i]) ~ C" , 

so that the chain homotopy types of C+,C~ are entirely determined by C and e. 

□ 

3. BLANCHFIELD AND SeIFERT FORMS 

Let now A be a ring with involution A — » A; o i— > a. 

Definition 3.1. (i) The dual of a f.g. projective (left) A- module P is the f.g. 
projective A-module 

P* = RomA{P,A) 

with 

AxP*^P* ; {a,f)^{x^ f{x)a) . 
(ii) The dual of a morphism f : P ^ Q oi f.g. projective ^-modules is the morphism 
/* : ^P* ■ g^{x^ g{f{x))) . □ 

The natural A-module morphism 

P^P**; x^if^ 7R) 

is an isomorphism, which will be used to identify 

p** _ p 

Thus for any f.g. projective A-modules duality defines an isomorphism 
T : Hom^(P,Q)^HomA(Q*,P*) ; f^f* 

with inverse g ^ g* ■ In particular, for Q = P* this is an involution 
T : HomA(P,P*) ^Hom^(P,P*) ; f^f* 

with = 1. 

Fix a central unit r] G A such that 

rj = r]~^ e A . 

In practice, = +1 or —1. 
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Definition 3.2. An r]- symmetric form over A {P, A) is a f.g. projective ^-module 
P together with a morphism A : P — > P* such that 

jjA* = A : P ^ P* . 

The form is nonsingular if A : P ^ P* is an isomorphism. □ 

Extend the involution on A to an involution on A[z, z~^] by 

~ _ ^-1 
z = z 

Definition 3.3. (i) The dual of a Blanchfield A[z, 2;~-^]-module B is the Blanchfield 
A[z, ^;~^]-module 

^ = Ext^[,^,-,j(B,yl[z,z-i]) . 

(ii) The dual of a Seifert >l-modulc (P, e) is the Seifert A-module 

(P,e)* = (P*,l-e*) . □ 

Proposition 3.4. (i) The dual of an induced f.g. projective A[z, z~^]-module pre- 
sentation of a Blanchfield A[z,z~^]-module B 

C : O^Pi[z,z-'^] — ^ Po[z,z-'^]^ B ^0 

is an induced f.g. projective A[z,z~^]-module presentation of the dual Blanchfield 
A[z, z~^]-module ET 

C^-* : O^P°[0,0-i] Pi[0,0-i] ^P^^O 

with P* = (Pi)* the dual f.g. projective A-modules. 

(ii) The dual B{P, e)^ of the covering B{P, e) of a Seifert A-module (P, e) is related 
to the covering B{{P, e)*) = B{P* , 1 — e*) of the dual Seifert A-module by a natural 
isomorphism 

C(P,e) : P(P*,l-e*)^P(P,e)-. 

(iii) For any Blanchfield A[z, z~^]-module B there is a natural isomorphism 

B ^ ET . 

Proof, (i) Any exact sequence of projective ^[2;, ^~^]-modules 

induces an exact sequence 

Hom^[^_^-i](P,^[2;,2;-i]) = ^ Hom^[^^^-i](go, ^[^;, ^;"^]) 

B.omA[z,z-^{Qi-A[z. z-i]) 

^ Ext^[,^,_ij (P, A[z, z-^]) ^ Extii[,_,_i] (Qo, A[z, z-^]) = . 

(ii) Define C(P.e) to fit into the natural isomorphism of exact sequences of induced 
f.g. projective ^[z, 2:~^]-modulcs 

^ P*[z, z-^ P*\z, z-^ > BIP*, 1 - e*) > 
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(iii) The double dual C** of any induced f.g. projective A[z, z ^]-module resolution 

C : O^Ci^Co^-B^O 
is naturally isomorphic to C. □ 

Definition 3.5. (i) The dual of a morphism g : (P, e) (P', e') of Seifert A- 
modules is the morphism 

g* : {P'*,l-e'*) (P*,l-e*) . 

(ii) The dual of a morphism f : B ^ B' of Blanchfield ^[2;, ^;~^]-modules is the 
morphism 

r = (/r,/o) : B'-^BT 
with /o,/i the components of any chain map C — > C" of induced f.g. projective 
74[2;, 2:~^]-module chain complexes resolving / 

> Ci — ^ Co > B ^ 



/i 



> Ci C'q ^ B' ■ 

so that (/f, /o ) resolves P 



fo 



•0, 



^0 




□ 

Proposition 3.6. (i) For any Blanchfield A[z, z~^]-modules B,B' duality defines 
an isomorphism 

T : Hom^[,,,-i](B,B')^Hom^[,,,-i](B^B-) ; f^P 

with inverse g g". For B' = BT this is an involution 

T : Hom^[,,,-i](B,^)^Hom^[,,,-i](B,B-) ; f^p 

with = 1. 

(ii) The dual of a morphism of Blanchfield A[z, z^^]-modules 

f = B{g)t-^ : B{P,e)^B{P',e') 

is the morphism 

r : B{P',er^B{P,er 

such that 

(C(P,e))-'rC(P',e') = B{g*)t-^ : i3(P'*,l-e'*)^i?(P*,l-e*) . 

(iii) For any Seifert A-module (P, e) the dual of the isomorphism of Blanchfield 
A[z, z~^]-modules C(p,e) ■ B{P* , 1 — e*) — > B{P,ey~ is the isomorphism 

{C(P,e)T = z-^C(P',i-e') ■■ B{P,e)^B{P\l-e*r ■ 

(iv) For any Seifert A-module (P, e) the duality involution 

T : Hom^[,,,-i](B(P,e),B(P,e)^)^Hom^[,,,-i](B(P,e),B(P,e)^) ; f^p 
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corresponds under the isomorphism induced by C(P.e) ■ B{P*, 1 — e*) B{P,e)~~ 

C(P,e) : Hom^[,,,-i](B(P,e),S(F*,l - e*)) ^ Honi^[,^,-i](B(F,e), B(P,er) ; 

B{e)t-^ ^ C(P,e)S(0)i-^ 

to the -duality involution 

T,-i : Hom^[,,,-i](B(P,e),B(PM-e*)) 

^ Hom^[,^,-i] e), i?(P*, 1 - e*)) ; 
B{e)t-^ ^ z-^B{9*)t-^ . 

Proof, (i) By construction. 

(ii) Applying Definition 13.51 to the resolution of / 



0' 



0- 



B{P,e) 
/ 



P'[z, z-i] ' P'[z, ^ P(P', e') ^ 



the identity (C(p,e)) ^ f~Q{P',e') ~ B{g*)t is given by the composition of resolu- 
tions 



0- 



r)/*r -if '^^•'7^/*^ -11 



P'*[z,z-i|^^^i^'p'*[z,z-i] 



P*[z,z-i] ^ ^P*[z,z-i] 



(iii) Consider the composition of resolutions 



0- 



P(P'*,1 -e'*) 

C(p',c') 

^B{P',er- 

r 



B{P,e) 



P(P*,1 -e*) 



•0 



■P[z,z-i] ^^i^P[z,z-i] 



■P[z,z'i] 



11 P[z,z-^] 



P(P,e) — 

(C(P,e)r 

P(P*,l-e*r 



B(P,e) 



(iv) By (ii) and (iii), for any morphism 6 : (P, e) — + (P*, 1 — e*) 

{^(P,e)B{e)r = z-i(C(P,e)i?(r)) : 0,e)^P(P,e)^. 



□ 
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Definition 3.7. (i) An rj- symmetric Blanchfield form over A[z,z ^] {B,(j)) is a 
Blanchfield A[z, z^^]-module B together with a morphism (j> : B ^ ET such that 

77(/r = 4) : B ^ BT . 

The form is nonsingular if : _B — > If~ is an isomorphism. 

A morphism of Blanchfield forms / : {B, (f) {B' , </>') is a morphism of Blanchfield 
modules J : B ^ B' such that 

^ <l> : B^ET. 

ill) A {—ri)- symmetric Seifert form over A {P,e,9) is a morphism of Seifert A- 
modules 

: (P,e)^(F*,l-e*) 

such that 

= (0- f]0*)e : P ^ P* . 

(This is equivalent to a morphism of Seifert A-modules A : (-P, e) {P* , 1 — e*) 
such that rjX* ~ —A, with = Ae, 9 — rj0* = A.) The form (P, e, 0) is nonsingular 
ii 9 — r]9* : P ^ P* is an isomorphism. 

A morphism of Seifert forms g : {P,e,9) — + {P',e',0') is a morphism of Seifert 
modules g : (P, e) ^ (P', e') such that 

g*0'g ^ 9 : P ^ P* . 

(iii) The covering of a (— 77)-symmetric Seifert form over A (P, e, 0) is the 77-symmetric 
Blanchfield form over A[z, z~'^] 

B{P,e,9) = (P(P,e),0) 

with 

- (l-^-i)C(P,e)i?(^-r/r) : P(P,e)^P(P,er. 

If (P, e, 0) is a nonsingular Seifert form then B{P, e, 6') is a nonsingular Blanchfield 
form. □ 

Example 3.8. An n-knot k : S"^ C 5"+^ with exterior M determines a Z- 
acyclic (n + 2)-dimensional symmetric Poincare complex (C, (j)) over Z[2:, 2:"^] with 
C = C{p : M ^ Furthermore, a Seifert surface iV"+i C 5""+^ for k 

determines an {n + l)-dimensional Seifert Z-module chain complex (D, e, 9) for 
(C,(/i) with D = C{M) and (C, 0) = B{D,9). If n = 2i - 1 and M is (« - 1)- 
connected then N can be chosen to be {i — l)-connected; in this simple case 
(i?i(C), (/)o) is a nonsingular (— l)'+^-symmetric Blanchfield form over Z[z,z~^], 
and {Hi{D),e,9) is a nonsingular (—1) '-symmetric Seifert form over Z such that 
{Hi{C),4)o) = B{Hi{D),e,9), with e = (6* + (-l)^6i*)"i6l. See Ranicki [H Chapter 
7.9], [HI Chapter 32] for further details. □ 

Proposition 3.9. (i) For any morphism from a Seifert A-module to its dual 

9 : (P,e) ^ (PM-e*) 

the morphism 

9' ^ {9-r]9*)e : (P, e) ^ (P*, 1 - e*) 
defines a (—rj) -symmetric Seifert form (P,e,9') such that 

9' - ri9'* ^9- i]9* : P ^ P* . 
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(ii) For a nonsingular {—ri)- symmetric Seifert form {P,e,9) the endomorphism e : 
P ^ P is determined by : P P* , with 

e = {9-7^9*y^9 : P ^ P . 

A morphism of nonsingular (—rj) -symmetric Seifert forms g : {P,e,9) {P,e',9') 

is the same as a morphism of the underlying Seifert modules g : (P, e) (P', e') 
such that 

g*{9' -r]9'*)g = 9 - t]9* : P ^ P* . 

(iii) Every morphism f : B{P,e,9) —>■ B{P' , e' ,9') of the covering rj-symmetric 
Blanchfield forms of {—rj) -symmetric Seifert forms {P,e,9), {P',e',9') is of the 
type 

f = B{g)t-'' 

with k ^ 0, t ^ B{e{l - e)) : B{P,e) B{P,e), and g : (P, e) (P',e') a 
morphism of Seifert A-modules such that for some £ ^ 



g*{9' -ij9'*)g = [9 - ^9*){e{l ~ e)) 



2t 



P ^ P* 



Proof, (i) From the definitions 
9' - ri9'* = 



{9 -T]9*)e-T]e*{9* -rj9) 
[9 -ri9*)e + {9 -ri9*){l-e) 
9 - 7]9* : P ^ P* 



P ^ P* 



and also 

{9'-r]9'*)e ^ (9 ~ 7]9*)e = t 

(ii) Immediate from tlie definitions. 

(iii) By Theorem O (iii) / = B{h)t-i for some h : (P, e) {P',e'), j ^ 0. Let 
B[P,e,9) = (P(P,e),0), B{P',e',9') = (B(P', e'), (A'), so that fcfi'f = cj) and by 
Proposition 13. 61 fii) there is defined a commutative diagram 



P(P,e) 



f=B{h)t- 



■B{P',e') 




B{P,er 



B(P*, 1 - e*) f ' B{P'\ 1 - e'*) 



r 





Now apply ^31 (iv) to the identity 

B{h*{9' -7]9'*)h)t-^^ = B{9-r]9*) : P(P, e) ^ P(P*, 1 - e*) , 
to obtain 

{h*{9' -7]9'*)h-{9-rj9*){eil^e)f')ieil^e)Y = : P(P, e) ^ P(P*, 1 - e*) 
for some £^ 0. Setting 

g = h{e{l^e)Y , k ^ j+i 
gives the required expression / — B{g)t^''. □ 
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In Theorem l3.1()l below. it will be proved that every nonsingular Blanchfield form 
over A[z, 2^^] is isomorphic to the covering of a nonsingular Seifert form over A. The 
proof will use the quadratic Poincare complexes of Ranicki |14| . |16| . By definition, 
a 1- dimensional rj-quadratic Poincare complex (C, '0) over A is a 1-dimensional f.g. 
projective A-module chain complex 

C : ...^O^Ci^Co 
together with A-module morphisms 

^0 ■■ C = C* ^ Ci , ^0 : ^ Co , 01 : C° ^ Co 

such that 

d0o + i>od* + 01 - 770* = : C" ^ Co 

and the chain map (0o + vi^oii^o + ^0o) ■ C^^* — > C is a chain equivalence. 
Replacing 0o, 0o, 0i by 0o+?70o7 0, 0i+0oc?* respectively, it may always be assumed 
that 00 = 0. 

Theorem 3.10. Every nonsingular rj- symmetric Blanchfield form [B, 0) over A[z, z^^] 
is isomorphic to the covering B(P,e,6) of a nonsingular [—r]) -symmetric Seifert 
form {P,e,9) over A. If B admits an induced f.g. projective A[z, z~^]-module res- 
olution 

O^Pi[z,z~^] — ^ Po[z,z-'^] ^ B ^0 

with 

k 

d = ^djz^' : Pi[z,z-^] ^ Pa[z,z-^] 
3=0 

then P can be chosen to be a direct summand of ^(Pq ® Pq) such that 

k 

P(BP* ^ 0(Po©P*) . 

k 

Proof. By Proposition II . 31 the given resolution of B determines a resolution of the 
form 

^ P[z, 2-1] P[z, 2-1] ^ B ^ 

with e : P P an endomorphism of 

k 

(This is not yet the (P, e) we are seeking). By Theorem 11.81 (i). (iv) it may be 
assumed that 

(C(P,e))"Vi - B{e)t-' : B = B{P,e)^B{P*,l-e*) 

for some Seifert yl-module {P,e), morphism 6 : (P,e) {P* A — e*) and £ ^ 0. 
The 77-symmetric Blanchfield form {B{P, e), 0') defined by 

0' = C(Ke)S(0)t-i . BiP,e)^BiP,er 

is nonsingular, and such that there is defined an isomorphism 

s' : (B(P,e),0')^(i?(P,e),0) . 
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Replacing {B{P, e), cj)) by {B{P, e), cj)') it may thus be assumed that i = 0, with 
(C(P,e))"Vi - B{e) : i?(P,e) ^i?(P*,l-e*) . 

The covering of 6 — r]0* : (P, e) (P*, 1 — e*) is the isomorphism of Blanchfield 
A[z^ z~"'^]-modules 

B{e~f^e*) = (C(Ke))-V<-77^(C(P.e))-V^i 

= (l-z-i)-i(C(Re))-V : P(P,e) ^P(P,er. 

Replacing 9 by 9' = {9 — rj9*)e (as in ProDOsition l3.9l ('i')') we have a (— 7;)-symmetric 
Seifert form (P, e, 6*) such that 

P(P,e,0) - (B» . 

However, in general (P, e, 6*) may be singular, i.e. 9 — ri9* : P ^ P* need not 
be an isomorphism. We shall obtain a nonsingular (— ?7)-symmetric Seifert form 
(P', e', 9') such that B{P', e', 9') = (P, (/)) by gluing together two nuU-cobordism of 
the 1-dimensional (— 7])-quadratic Poincare complex (C, "0) defined by 

dc = 9-r]9* : Ci = P ^ Co = P* , 
ijo ^ I ■■ C'' = P^C, = P , 
V'l = -6* : (7° = P ^ Co - P* . 

One nuU-cobordism is easy: it is (/ : C ^ D, (0, tp)) with 

/ = 1 : Ci = P ^ Di = P , D, = for i ^ 1 . 

The other nuU-cobordism is of the form {i^ : C — > C^, {Silj,ip)), with : C ^ 
constructed by the method of Remark l2.5l as follows. By Proposition l2.4l fii) (with 
g = 9 — ri9*) there exists a morphism 

h : (P*,l-e*)^(P,e) 

such that 

h{9-Tj9*) = (e(l-e))'= : P ^ P , 
{9~Tj9*)h = (e*(l-e*))'= : P* ^ P* 
for some fc ^ 0. Let P : C — » C be the chain map defined by 

Po = 1 - e* : Co - P* ^ Co = P* , 
Pi = e : Ci = P ^ Ci = P . 

As in the proof of 12.41 (ii) =^ (iii) h determines a chain homotopy projection 

p = [E^ + {l-Ef)-'^E^ 

= {j:{-E{l^E)nk{Ejy)E'' : C^C 
with a chain homotopy 

g : p(l-p) ~ : C^C 
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such that pE — Ep, Eq — qE, and such that 

\q 1-pi J 

p- = f^-P'^ -i(^-vO*)\ . p.^p^p.^p 
\ -q Pi J 

are projections with 

p++p- = 1 : p*eP^P*eP. 
We now have a decomposition of Seifert A-modules 

(P* e P, (1 - e*) © e) = (P+,e+)©(p-,e-) 

with 

P+ = im(p+) , P- = im(p-) . 
The 1-dimensional f.g. projective A- module chain complexes C~^,C~ defined by 
dc+ = P+l : C+ = P^C+ = P+ , 
dc^ = p-\ : = P^Co" = P- 
and the A-modulc chain maps 

E+ : C+ , E- : C" ^ C" , i+ : C ^ C+ , r : C ^ C" 

defined by 

^0+ = e+ : C+ = P+ ^ C+ = P+ , 
E+ = e : C+ = P^C+ = P , 
Eo = e- : Co = P" - = P" , 
E^ = 1 - e : Cf = P ^ Cf = P , 
i+ = p+l : Co = P*^Co+ = P+ , 
i+ = p, : Ci = P^C+ = P , 

io = p-\ : Co =^ P-^Co = P- , 
%- = l-pi : Ci P^C{ = P 

are such that 1 — E^ : C+ — *■ C+, E~ : C~ — > C~ are chain homotopy nilpotent, 
with 



(' ■(•■■(• 



a chain equivalence such that 

E+i+ = i+E : C^C+ , E-r = i'E : C ^ C . 
Moreover, it follows from 

E* = E : C^-* = C^C^-* = C 

that 

p* = p ; c^-* = c^C^-* = C , 
pi = l-p*o : P^P. 

The morphism 

h' = eh-r]h*e* : (P*, 1 - e*) ^ (P, e) 
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is such that 

h'{e~T]e*) = (e(l-e))'= : P^P, 
{0-'q9*)h' = (e*(l-e*))'= : p* ^ P* 
and replacing h by h' in the construction of q gives a chain homotopy 

q' : p{l-p) ^ {) : C 

such that 

q' = e-ri6* : P* ^ P 
with 9 (resp. —rjO*) the contribution of eh (resp. —rih*e*), and e6 ~ 6{1 — e*). 
The morphism of Seifert A-modules defined by 

is such that (—77) A* = A, and restricts to an isomorphism 

A+ : (P+,e+)^((P+)*,l~(e+)*) , 
identifying = im((p+)*). The (— 7])-symmetric Seifert form over A defined 

by 

{P',e\9') = (P+,e+,A+e+) 
is nonsingular and such that 

B{P',e\9') - . ^ 

Remark 3.11. (i) The proof of Theorem 13 . 1 01 minimizes the use of the theory of 
algebraic Poincare complexes. However, it is based on an idea of infinite gluing 
which really is best expressed in this language, specifically the quadratic Q-groups 
of an A-module chain complex C 

Qn{C) = HniZ2;C®AC) 

which are the central objects of the theory, with the generator T G Z2 acting by 

T : Cp^ACq ^ Cq^ACp ; x^y ^ {-If^V ® x . 

(There is a brief review in Chapter 20 of ^Q). A chain map f : C ^ D induces 
morphisms in the Q-groups 

/% : Qn{C)^Qn{D) 

which depend only on the chain homotopy class of /. As in Definition 24.1 of 'lfi|, 
given chain maps /, <? : C — > D let Q* (/,<?) be the relative Q-groups which fit into 
the exact sequence 

and define a union operation 

u : g„(/,<?)^Q„ ([/(/, 5)) 

with 

U{f,9) = C{f~zg:C[z,z-']^D[z,z-']) 
an A[z, 2;~^]-module chain complex. An element {69, 9) G Qn+i{f, g) is an {n + 1)- 
dimensional quadratic pair over A 

X = {{f g):C®C ^ D,{59,9®-9)) 
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and the union is an (n + l)-dinicnsional quadratic complex over A[z, z ^\ 

U{x) = {U{f,g),U{5d,e)) . 

The construction mimics the construction of an infinite cycUc cover by gluing to- 
gether Z copies of a fundamental domain. If a; is a Poincare pair then U{x) is a 
Poincare complex. The chain complex ingredient in the proof of Theorem l3.10l is the 
following characterization of the pairs x such that the union U{x) is contractible, 
i.e. such that 

f-zg : C[z,z-']^D[z,z-'] 
is a chain equivalence. This is the case if and only if / — g : C — > I? is a chain 
equivalence and {f — g)^^ f ■ C C is a chain homotopy near-projection. Thus 
there is no loss of generality in taking 

C = D,f^l^e,g=-e 

for a chain homotopy near-projection e : C — > C, and as in Remark 12.51 there is 
defined a chain equivalence 

I : (C,e) ^ (C+,e+)e(C-,e-) 

with 1 — e+ : C+ C+, : chain homotopy nilpotent. The background 

to the proof of Theorem 13. lUI is the computation 

Q,{f,g) = H,i{l-e+)^e- -.0+ ®aC- ®aC-) 

so that an element {59,9) G Qn+iif, g) is determined by a chain map 

9 : (C+)""* C'- 

together with a chain homotopy 

69 : e-9 ~ 9{1 - e+)* : (C+)""* ^ . 

The quadratic pair ((/ g) : C ®C D, {69, 9 © ^9)) is Poincare if and only if 9 is 
a chain equivalence. 

(ii) Here is a geometric interpretation of (i). Let X be a finite n-dimensional 
Poincare complex, and let F : i\/ ^ X x S"^ be a homotopy equivalence from a 
closed (n + l)-dimensional manifold M. The restriction of F to a transverse inverse 
image is an n-dimensional normal map 

G = F\ : N ^ F-\X X {^}) X 

and cutting M along N gives a fundamental domain for F*{X x M.) — M with a 
normal map 

Gn ^F\ : {M^; N, zN) ^ X x {[0,1]; {0}, {1}) 

such that 

oo oo 

F ^ [j z'Gn ■■ M = U z^Mn ^XxR 

j = -oo i=-oo 

is a Z-equi variant lift of F. 

Define the kernel Z[7ri (X)]-module chain complexes 

C = G{G: G{N) C{X)),+i , 

D = G{Gn : C{Mn) ^ C{X x [0, . 

The chain maps io,ii : C D induced by the inclusions N Mn, zN — > Mn 
are such that f — zg : C[z,z^^] D[z, z^^] is a chain equivalence, since F : M ~> 
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X X is a. homotopy equivalence. The infinitely generated free Z[7ri(X)]-niodule 
chain complexes 

C+ = C{G^ -.M^ X E+),+i , 
C- = C(G^ -.M' ^X X R-)^+i 

with 

oo —1 

= IJ z^Mn , = IJ z^Mn 

j=0 j=-oo 

are such that there is defined an exact sequence 

^ C ^ C+ ® C- -> C(F),+i ^ 

with C{F) the algebraic mapping cone of the Z[7ri(X)][z, z^^]-module chain equiv- 
alence F : C(M) C{X X R). Thus there is defined a Z[7ri(X)]-module chain 
equivalence 

C ~ C+ © c- , 

and C+jC" are chain equivalent to finite f.g. projective Z[7ri (X)]-module chain 
complexes. The quadratic Poincare kernel oi Gn is determined as in (i) by a chain 
equivalence 9 : (C+)"-* ^ C'- . 

In particular, if n — 2i and G,Gm are i-connected then 

K,{N) = H,{C) = H,{C+) ® H,{C-) = H,+i(M^,N)®H^+i(M~,N) 

with an isomorphism 9 : Hi{C^)* Hi{C^). Every homology class in Ki{N) is a 
sum of a class which dies on the right and one which dies on the left; the reduced 
projective class 

is the obstruction to finding a basis of classes which all die on the left (or all die on 
the right). The reduced nilpotent projective class 

[H,{G+),l-e+] = -[i7,(C7-),e-] eNilo(Z[7ri(X)]) - Nilo(Z[7ri(X)])/i^o(Z) 

is the Farrell-Hsiang splitting obstruction of which is if (and for i ^ 3 
only if) G : N ^ X can be chosen to be a homotopy equivalence, or equivalently 
(Mjv; N, zN) can be chosen to be an ft,-cobordism. The surgery obstruction 

a{G) = {Km.\p) eker(L|,(Z[7ri(X)])^i^,(Z[7ri(X)])) 

= im(i/2'+i(Z2;i^o(Z[7ri(X)])) ^ 4\(Z[^i(X)])) 

is represented by the hyperbolic (— l)*-quadratic form on the f.g. projective Z[7ri {X)] 
module Hi{C^), with 

9-^\ 

(-i)'(r)-i ) ■ 

K,{N) = H,{C+)®H,{C-)^K,{Ny = H,{G+y ® H,{C-Y , 
H : K,{N) ^Z[7TiiX)]/{x-i-iyx} ; (a+, «-) ^ (?-i(«")(«+) • 
However, in Theorem 13. lUI it is the other case n = 2i + 1 which occurs. □ 
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4. Witt groups 

This Chapter extends the results of Chapter 13 to the algebraic L-groups of 
Blanchfield and Seifert forms, using the algebraic theory of surgery (Ranicki |14j . 

M)- 

Cohn 0] constructed the universal localization a^^R of a ring R inverting a set a 
of square matrices over R. The canonical ring morphism R a~^R is universally 
CT-inverting : for any ring morphism f : R ~^ S such that /(s) is invertible for every 
s G (T there is a unique ring morphism cr^^R S such that 

/ : R^a-^R^S . 

See Jl] or for the expression of the free Wall quadratic i-groups ij^ (R) ~ 
Ln{R) of a ring with involution R as the cobordism groups of n-dimcnsional qua- 
dratic Poincare complexes (C, -0) over R with C f.g. free. In particular, L2i{R) is 
the Witt group of nonsingular (— l)*-quadratic forms over R. 

For an injective universal localization R — > a~^R of rings with involution the 
quadratic L-groups of R and a~^R are related by the exact sequence of of Vogel 
5H1 and Neeman and Ranicki 

^ Ln{R) ^ Ln{a-^R) Ln{R, <j) ^ ^ • ■ • 

with Ln{R, (j) the cobordism group of {n — l)-dimensional quadratic Poincare com- 
plexes (C, V') over R such that C is f.g. free and H^{a~^C) — 0. In particu- 
lar, L2i{R,a-) is the Witt group of nonsingular (— l)'-quadratic o'^^i?/i?- valued 
linking forms on f.g. u-torsion i?-modules of type coker(s : R'^ R'^) {s E a), 
and d : L2i{<J^^R) —> L2i{R,cr) is given by the boundary construction for a^^R- 
nonsingular (— l)*-quadratic forms over R. 

Given a ring A let 11^^ 2~^] be the universal localization of A[z, z^^] inverting 
the set n of all A-invertible square matrices over A[z,z~^]. The canonical ring 
morphism A[z, z~^] — > n~"'^v4[z, z~^] is an injection with the universal property 
that every morphism of rings A[z,z^^] R sending matrices in 11 to invertible 
matrices over R has a unique factorization A[z, z~^] Il~^A[z, z^^] R. 

Example 4.1. For commutative A Il~^A[z, z^'^] = P^^A[z, z~^] is the commuta- 
tive localization of A[z, z^^\ inverting the set P of all polynomials S A\z^ z~^\ 
with p(l) e A a unit. □ 

An involution on the ring A is extended to the rings A\z^ "'^l, n^"'^A[z, z"-'^] by 
z 2^ , as before. As in Proposition 32.6 of Ranicki the dual of a Blanchfield 
A\z^ z~^]-module B is given up to natural isomorphism by 

^ = Hom^[,,,-i](B,n-iA[z,z-i]M[z,z-i]) . 

An v4[z, z^^]-modulc morphism : _B — > £P is the same as a pairing 

: S X B ^ n"M[z,z"i]/A[z,z-i] 

such that for all x', y, y' E B, a,b E A[z, z^^\ 

<j){x + x',y) = (l){x,y) + <j>{x',y) , 

H^,y + y') = (l>{x,y) + (j){x,y') , 

(l>{ax,by) = b(l){x,y)a Ell^^A[z,z^'^]/A[z,z^'^] . 
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The quadratic L-groups i* of the Laurent polynomial extension A[z, z ^] of a 
ring with involution A split as 

L„+i(A[z,z-i]) = i„+i(A)®L^(A) 

with the projective quadratic L-groups (Novikov Ranicki ^3]). The relative 
X-group L2i+2{A[z, z~^],Il) in the localization exact sequence 

> L2^+2{A[z, z-']) ^ L2.+2(n-M[z, z-1]) 

^ L2^+2{A[Z, n) L2,+ l(A[z, Z'^]) -4 . . . 

is the Witt group of nonsingular (— l)*+^-symnietric Blanchfield forms (B, (f) over 
A[z,z~'^] such that B admits a 1-dimensional f.g. free ^[2;, z~^]-module resolution 

O^Ci->Co^B^O. 

As in Chapter 31 of ^B] let LIsOp*(A) be the Witt group of nonsingular (— 1)'- 
symmetric Seifert forms over A. 

Theorem 4.2. f |16l Prop 32.11]) The covering construction j5'.7| ) defines an iso- 
morphism 

B : LlsofiA) ^ L2^+2{A[z,z~%n) ; (P, e, 0) ^ B(P, e, 0) , 
with Theorem \S.lfA giving gn explicit inverse B~^. □ 

The isomorphism B^^ of 14. 21 is a generalization of the projection 

B : Ki{A[z,z-^]) ^ Ko{A) 
of Bass, Heller and Swan 1 and the projection 

B : 

of a-nd (where B denotes Bass rather than Blanchfield). 

Example 4.3. The high-dimensional knot cobordism groups k : S'^'"^ C 5^'+^ 
{i ^ 2) are 

C2^-l = LIS0'*(Z) = i2«+2(Z[z,Z~l],P) . 

See Chapters 33, 40 and 41 of ^Hl for a more detailed discussion. □ 

Remark 4.4. Theorems KM Ol give a new proof of the result that every non- 
singular /^-symmetric Blanchfield form (B, (p) over A[z, z'-^] is isomorphic to the 
covering B{P, e, 9) of a nonsingular (— 77)-symmetric Seifert form (P, e, 9) over A, 
with a corresponding isomorphism in the Witt groups. For A — rj — ±1 this was 
proved by a variety of geometric and algebraic methods by Kearton 7_ , Levine [HI , 
Trotter 23 and Farber '5'. For arbitrary A this was proved in Proposition 32.10 
of Ranicki 1161 using algebraic transversality for quadratic Poincare complexes over 
A[z, z^^]. The novelty is the explicit algorithm for constructing (P, e, 9) from {B, (f). 

□ 

The expression of the Witt groups of (— l)*+^-symmetric Blanchfield forms over 
as the relative P-group L2i+2{A[z, z^^],Il) in the exact sequence of L- 

groups 

> L2^+2{A[z, z-^]) ^ L2^+2(n-M[z, z-1]) 

L2r+2{A[Z,Z-\\1) ^ L2^+l{A[z,Z-^]) ^ ... 
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can be refined to an even more useful expression by inverting 1 — z e A[z,z 
Write 

A, = A[z,z-^] , ^,,1-. = A[z,z-\{l-zy^] . 
For an A-module P and an A^-module Q write 

Pz = A,(^aP, PzA-z = ®A P , Ql-z = (^A. <3 ■ 

The element 

s = (1 - z)-^ e 

is such that s + s = 1 G ^2,i-z: so there is no difference between it-quadratic and 
ib-symmetric structures {— forms, algebraic Poincare complexes, L-groups) over 
Az^i-z- The cartesian square of rings with involution 

Az ^^2,1-2 



induces excision isomorphisms of relative L-groups 

L,{A„U) = L,(A,,i^,,n) 
and there is a commutative braid of exact sequences 



L2i+3{A,,n) 



L2^+2{A,s~z) L2.+2(A,,(1-Z)°°) L^^+li^-^ A, 



L2i+2{Az) L2t+2{U-^A,^i-z) L2^+l{Az) 



L2^+3{A,,{l-z)^) L2.+2(n-M,) 



L2,+2{Az,Tl) 



L2i+l{Az.l~ 



See Chapter 36 of JHl for the identification of ^21-1-2(^2,1-2) ^ith the Witt group 
of almost (— l)*+-'^-symmetric forms (P, 0) over A, with P a f.g. free A-module and 
: P ^ P* an isomorphism such that 1 + (— : P — > P is nilpotent (cf. 
Clauwens j2])- 

Theorem 4.5. The map ^2^+2(^2,!!) ^21+1(^2,1-2) is 0, so that 
-^24+2(^2, n) = cokcr(L2i+2(^2,i-2) ^ i2j+2(n"^A24_2)) 

The Witt class of the covering B{P,e,9) of a nonsingular {—ly -symmetric Seifert 
form {P,e,6) over A is the Witt class of the nonsingular {—ly^^ -quadratic form 
{Pz.i-z, (1~^)^) over Az^i-z, modulo the indeterminacy coming from the (— l)'^""^- 
quadratic Witt group of A^^i-z- 

Proof. Let P be a ring with involution. A 1-dimensional (— l)*-quadratic Poincare 
complex (C, V') over R with tpo : ^ Ci an isomorphism (and tpo = : ^ Cq) 
is nuU-cobordant 

(C,V) = OeLi(P,(-l)') = L2.+i(P) , 
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with a nuU-cobordism {f : C ^ D, [Sip^iji)) defined by 

f ^ I : Ci^Di = Ci , D, = , Si; = Q . 

The nonsingular (— l)*-quadratic formation corresponding to (C, tp) is the boundary 
9(C°,7/'i) of the (— l)*+^-quadratic form {C'^.^i) over R. 

Now suppose that R a~^R = 5 is an injective noncommutative focahzation 
of rings with involution, so that there is defined a localization exact sequence 

■ ■ ■ ^ L2i+2{R) ^ L2i+2{,S) — ^ L2i+2{R, o) L2i+l{R) ^ ■ ■ ■ 

with L2i+2{R,<7) the cobordism group of f.g. free 1-dimensional (~l)*-quadratic 
Poincare complexes {C,ip) over R such that 1 ^ d : S ®_r Ci S (^rCq is an 
^-module isomorphism. If (C, V-") is such that i/jq : C'^ Ci is an i?-module 
isomorphism then (as above) {C,t/j) = G L2i+i{R), and 

is an S'-module isomorphism, so that S ®r (C°,?/'i) is a nonsingular (— 1)*+^- 
quadratic form over S such that 

e ker(L2i+2(i?,o-) ^ L2i+i{Rj) = coker(L2^+2(i?) L2i+2(5')) . 

In particular, if (_B, 0) is a nonsingular (— l)'+^-symmetric Blanchfield form over 
Az then by Theorem 13.101 {B, (f>) = B{P, e, 9) is the covering of a nonsingular 
(— l)*-symmetric Seifert form {P,e,9) over A. The 1-dimensional (— l)*-quadratic 
Poincare complex (C, '0) over A^ defined by 

d = 6 + {-iyz-^e* : Ci = P.^Co = P* , 
^0 = l-z ■■ C° = P.^Ci = P, , 
V'l = -{l-z)0 : C° = P.^Co = P: 
has l^ipQ-. (C")i_2 — * (^1)1-2 an yl2_i_2-module isomorphism, so that 

{B,4>)i-z = {C,^)i-, - OeLi(A,,i„„(-l)^) = L2,+i(^.,i-.) ■ 

The nonsingular (— l)*-quadratic formation over Az.i-z corresponding to (C, 
is the boundary of the 11^^ i_2-nonsingular (— l)'"'"^-quadratic form 

(C°,V^i)i_, = (P,4_„(l-z)0) 

and 

(5,0) = (C,0) - (C,V)i_, = a(P,a-.,(l-^)^) 
e ker(L2,+2(^z,n) ^ WiC^^.i-^)) 

= ker(L2i+2(^z,i-z,n) L2i+i(Az,i-z)) 

= coker(L2.i+2(^z.i-2) ^ i2i+2(n"M^.i_^)) . 

□ 

Example 4.6. The expression for the Witt group of Blanchfield forms given by 
Theorem 14.51 in the case A = 1^ gives the following expression for the cobordism 
class of a high-dimensional knot. Let k : S*^*^^ C S*^*"*"^ be a knot with exterior 

{M^'+\dM) = {cl.{S^'+\k{S^'-^) X D^),S^'-^ X S^) 
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and Seifcrt surface iV^* C 5^*+^. Keeping dN — k{S^^^^) fixed push N into the in- 
terior of _d2*+2 to obtain a codimension 2 embedding N C D2«+2 -^vith trivial normal 
2-plane bundle. The exterior is a {2i + 2)-diniensional manifold with boundary 

{L^'+^,dL) = icl.{D^'+\N X D'').,M Uom N x S^) . 

Assume that 7rj(M) = Trj(S^) for 1 ^ j ^ i — 1 (as may be arranged by surgery 
below the middle dimension), so that N can be chosen to be {i — l)-connected, and 
TTj{L) = Trj{S^) for 1 ^ j ^ i. As in Proposition 27.8 of there is defined an 
(i + l)-connected (2i + 2)-dimensional normal map of triads 

{f,b) : {L;M,Nx S^;S^'-^ x S^) 

(D2»+2 ^ [o,l];i:)2»+2 X {0},D^'+^ X {l};k{S^'-^) X [0,1]) X 

with target a (2?-f 2)-dimensional geometric Poincare triad. The nonsingular (— 1)'- 
symmetric Seifert form {Hi{N), e, 9) over Z determines the kernel (— l)*+^-quadratic 



z, z 



-11 



form over = Z[ 

(if,+i(r),v^) = (ij,(iv),,(i-z)0) 

(cf. Ko Cochran, Orr and Teichner j^j). For i ^ 2 the knot cobordism class 
of k is the Witt class of {Hi{N),e,9), or equivalently the Witt class of the non- 
singular (— l)'"'"^-symmetric Blanchfield form {Hi{M),(l)) — B{Hi{N),e,9) over 
Zz ■ Theorem 14.51 identifies the knot cobordism class with the Witt class (mod- 
ulo the indeterminacy) of the induced nonsingular (^l)*+^-quadratic form over 
Z,,i_, -Z[z,z-i,(l-z)-i] 

[k] = {H,{N),e,0) = {H,(M),<j>) = (J^,+i(I),7/^)i_, = {HdN)z.i-z,{l~z)9) 

G C2.-I = LW*(Z) = L2^+2{Z^,P) = Coker(i2^+2 (Z^, 1-^) ^ L2^+2{P-^I'z^~z)) 

with P = {p(z)|p(1) = 1} C Zz the multiplicative subset of Alexander polynomials. 
See Proposition 36.3 of for the computation of the indeterminacy 

jo ifi = 0(mod2) 



Z (signature) ii i = l(mod 2) . 

□ 
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